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The first-order resonant Raman spectra of the deformed single-walled carbon nanotubes �SWCNTs�, suffered
from both tensile and torsional strains, have been studied within the nonorthogonal tight-binding model. It is
found that: �1� two kinds of the strains almost do not change the frequencies of the low-energy Raman modes.
In contrast, the tensile strain downshifts all the G-band Raman modes, but the torsional strain-induced G-band
shifts depend on the tube’s chirality and the mode symmetry. �2� The changes in resonant Raman intensity
depend on the strain type, mode symmetry, and the selected electronic transition energy. For example, the
torsional strain increases �decreases� the TO �LO� mode intensity, and the tensile strain has little effect on that
of the TO mode but increases or decreases the LO mode intensity, depending on the electronic transition
energy. �3� More importantly, when both the tensile and torsional strains are simultaneously applied to the
SWCNTs, there would be an interference effect between two kinds of strains on the strain-induced frequency
shifts and intensity changes, which are not equal to a simple sum over those induced separately by tensile and
torsional strains, and the interference effect is found to depend on the tube chirality and mode symmetry, which
has already been partially supported by the experimental observations.
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I. INTRODUCTION

Carbon nanotube �CNT� stimulated a great interest in the
nanoscience and nanotechnology since it was discovered in
1991 by Iijima1 because of its exceptional mechanical, elec-
tronic, and optical properties.2 The CNT can be seen as a
seamless cylinder with a nanometer-scale diameter, obtained
by wrapping a graphene sheet.

At the present time, much attention has been paid to the
CNT’s resonant Raman spectroscopy because of its nonde-
structive advantage to study the CNT’s physical properties.
When the laser energy of either the incident or the scattered
light matches the van Hove singularities �vHSs� in the CNT’s
joint density of states �JDOS�, satisfying the resonance con-
dition, the Raman intensity becomes extremely strong for
any CNT.3 As for the first-order Stokes process, there would
be two peaks near the Eii and Eii+��q, where Eii is the
electronic transition energy between the electronic valence
and conduction bands4 and �q is the phonon frequency. So
the Raman spectroscopy has been considered a powerful tool
to detect the CNT’s phonon modes,5,6 among which the ra-
dial breathing mode �RBM� and the tangential G-band
modes �2A1, 2E1, and 2E2� are two particularly important
ones for the single-walled carbon nanotubes �SWCNTs�.3,7

The physical properties of the deformed SWCNTs have
been studied by a lot of theoretical and experimental
works.8–32 There are many experiments on the frequency
shifts of the RBM and G-band modes of individual SWCNT
under a strain, induced by the AFM tip or an applied
pressure.8–14 For example, tensile strain is found to lower the
frequencies of G-band modes but keep that of the RBM
mode unchanged, which could change the intensity of reso-
nant Raman spectra.10–12 On the other hand, the theoretical
calculations have shown that tensile or torsional strain can

change greatly the electronic structures of the deformed
SWCNTs,15–19 which have been confirmed by some
experiments.20–26

The Raman spectra of both the RBM and high-energy
modes for the strained27 or perfect28–32 SWCNTs have been
calculated by the ab initio and tight-binding �TB� methods.
Wu et al.27 made the ab initio calculations of the nonresonant
Raman spectra of the deformed SWCNTs under only tensile
or torsional strains based upon the empirical bond polariz-
ability model.

However, up to now, there are much less experimental
works on the deformed SWCNTs, suffering simultaneously
from both tensile and torsional strains. Only recently, could
Duan et al.8 study the resonant Raman spectra of individual
deformed SWCNTs under both tensile and torsional strains,
finding the different effects of torsional strain on the Raman
spectra of deformed SWCNTs from those of uniaxial strain,
and the significant difference of different vibration modes in
response to both the strains. Nevertheless, there still has no
corresponding theoretical works on the resonant Raman
spectra of deformed SWCNTs under both tensile and tor-
sional strains up to now.

Therefore, in this paper, we have calculated the resonant
Raman spectra of deformed SWCNTs when both tensile and
torsional strains are simultaneously applied on them using
the nonorthogonal TB model. It is found that the frequency
shifts of low- and high-energy Raman modes are different for
the two strains, which also depend on the tube’s chirality and
mode symmetry, and the resonant Raman intensity will
change with applied strains, depending on the mode symme-
try, electronic transition energy and deformation type. More
importantly, we have found existence of an interference ef-
fect on the strain-induced frequency shifts and intensity
changes due to both the strains, which are not equal to a
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simple sum over those induced separately by tensile and tor-
sional strains, and the interference effect depends on the
tube’s chirality and mode symmetry.

This paper is organized as follows. In Sec. II, the theoret-
ical model and calculation details are presented. In Sec. III,
the changes in resonant Raman spectra induced by tensile
and torsional strains are discussed.

II. THEORETICAL MODEL AND CALCULATION
DETAILS

The first-order resonant Raman intensity per unit length in
the Stokes process is given as follows:3,7

I = C�nph + 1�T�Es

Ea
�2

�� 1

T
�
c�

Mop
� Me−phMop

�EL − Ec� − i���EL − Ec� − Eph − i���2

. �1�

Here, Eph=�� is the phonon energy and nph=1 / �e−�Eph −1�
is the phonon distribution function. EL is the incident laser
energy. C is a tube-independent constant and T is the super-
cell’s length. Ea and Es are the absorption and emission pho-
ton energies, respectively. Ec�=Ec−E� denotes the electronic
transition energy and � is the broadening factor. Mop and
Me−ph are the electron-photon and electron-phonon interac-
tion matrix elements, respectively, for which the Mop is cal-
culated following Refs. 33 and 34, and the Me−ph is given
by32

Me−ph =	 �

2MCN�
�M�c,k� − M��,k�� . �2�

Here,

M�n,k� = �
j j�

cnkj
� ��Hnkjj� − Enk�Snkjj��cnkj�, �3�

where, �Hnkjj� and �Snkjj� are the phonon’s perturbations to
the Hamiltonian matrix elements Hnkjj� and the overlap ones
Snkjj�, respectively, due to the phonons. The MC and N refer
to the mass and the number of carbon atoms.

We have calculated the first-order Resonant Raman spec-
tra of the deformed zigzag �10,0�, �9,0�, and �8,0� SWCNTs,
the armchair �6,6� and �5,5� ones, and the chiral �8,4� tubes
within the nonorthogonal TB model, in which the parameters
are taken from the density-functional calculations.35 In our
calculations, the tensile strain is defined as 	=T /T0−1,27

where T and T0 are the unit cell lengths of the deformed and
undeformed tubes, respectively, and the definition of the tor-
sional angle is similar to that in Refs. 18 and 19. Taking as an
example, the geometrical structures of the undeformed and
torsion-strained �10, 0� SWCNT, and also the undeformed
�8,4� one are shown in Figs. 1�a�–1�c�, respectively.

III. RESULTS AND DISCUSSIONS

Let us firstly study in Sec. III A the deformation-induced
frequency shifts of the Raman modes, and then do in Sec.
III B the resonant Raman intensity changes.
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FIG. 1. The geometrical structures of �a� undeformed �10,0� SWCNT, and �b� deformed one under a torsional strain of 6.59° and �c�
undeformed �8,4� SWCNT. �d� and �e� denote length changes of the three nearest C-C bonds of �10,0� tube, signed as 1, 2, and 3 in �a� and
�b�, under pure tensile and torsional strains, respectively. �f� denotes length changes of the three nearest C-C bonds of �8,4� tube under the
positive and negative torsional strains.
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A. Frequency shifts of the Raman-active vibrational modes

The calculated frequency shifts of the Raman-active
modes for three different �10,0�, �5,5�, and �8,4� SWCNTs
under only tensile strains are given in Figs. 2�a�–2�c�, respec-
tively, from which it can be seen that the frequencies of
low-energy Raman modes, including the RBM, almost do
not change by tensile strains, in contrast to the remarkable
frequency shifts of high-energy Raman modes, which is well
consistent with the experimental observations.8,12 It is found
that tensile strains downshift the G-band frequencies of all
the calculated SWCNTs, which has only a weak relation with
the tube’s chirality and Raman mode symmetry.

As shown in Fig. 2, there are three high-energy Raman
modes �A1g, E1g, and E2g� for achiral �10,0� and �5,5� tubes,

but six ones �A1
+ , E1

+, E2
+, A1

−, E1
−, and E2

−� for chiral
�8,4� tube. When tensile strains are applied, these Raman
modes are found to still exist since the original tube symme-
try is not broken by tensile strain. However, with increasing
tensile strain, the frequencies of some G-band modes are
found to decrease more quickly than others, presenting dif-
ferent frequency variation slopes for different Raman modes.
For example, it is seen from Fig. 2�a� that when tensile strain
increases, the frequencies of A1g and E2g modes of �10,0�
tube decease more quickly than that of its E1g mode. But the
situation is reversed for armchair �5,5� tube, as shown in Fig.
2�b�, for which the frequency of its E1g mode deceases more
quickly than those of its A1g and E2g modes. As for chiral
�8,4� tube, the situation becomes more complicate, in which
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FIG. 2. Raman-active mode’s frequencies of the deformed �10,0�, �5,5�, and �8,4� SWCNTs vary with pure tensile strains in �a�–�c� and
with pure torsional strains in �d�–�f�, respectively.
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the frequencies of its E2
− and E1

− modes decrease more
quickly than those of its other modes, and there is a cross
point between its two A1

+ and A1
− modes, as shown in Fig.

2�c�.
The above calculated results that the G-bands downshift

with increasing alone tensile strain, while the RBM remains
unchanged, are well consistent with the experimental obser-
vations in Ref. 12, but only accord partially with those ob-
served in Ref. 8 because in the latter experiment, the highest
frequency G-band mode ��G1� of the semiconducting
SWCNTs was insensitive to tensile strain although other five
G-band modes were observed to downshift with increasing
tensile strain. We think this inconsistence between our calcu-
lation results and the experimental ones in Ref. 8 probably is
caused by the following fact that the experiment was made
under both tensile and torsional strains, making very difficult
to accurately separate the respective contributions from both
the strains. So, perhaps more fine experimental studies and
also numerical calculations are needed to solve this problem.

The downshift of the G band with increasing tensile strain
can be understood on the basis of the C-C bond elongations.
Let us take �10,0� tube as an example. For the undeformed
�10,0� tube, the lengths of its three nearest C-C bonds, 1, 2,
and 3 �shown in Fig. 1�a�� are found to be 1.423, 1.425, and
1.425 Å, respectively, which would be elongated by tensile
strains, showing a linear increase with increasing tensile
strain, as clearly seen from Fig. 1�d�. But the length of bond
1, which is parallel to tube axis, increases more quickly than
those of other two bonds 2 and 3, almost along the circum-
ferential direction. It is known that in both the A1g and E2g
modes, the atomic vibrations are along tube axis, making so
their frequency shifts depend mainly on the bond 1. On the
other hand, the E1g mode corresponds to the vibrations along
circumferential direction, and so its frequency shift should
mainly depend on the bond 2 and 3. That is why with in-
creasing tensile strains, the former two mode’s frequencies
decrease more quickly than the latter one.

Now, let us study the torsional strain effects on the
SWCNT’s Raman modes, which are found to be greatly dif-
ferent from those of the tensile one because the former
breaks the original symmetry of achiral SWCNTs. So, tor-
sional strain would increase the Raman mode number,27 and
induce the complex G-band frequency shifts, depending
strongly on the tube’s chirality and Raman mode symmetry.
The calculated frequency shifts of the Raman modes for
three �10,0�, �5,5�, and �8,4� tubes under pure torsional
strains are given in Figs. 2�d�–2�f�, respectively.

It is seen from Figs. 2�d� and 2�e� that the original three
high-energy Raman modes of undeformed achiral �10,0� and
�5,5� tubes split into the six �A1

+, E1
+, E2

+, A1
−, E1

−, and E2
−�

under a torsional strain. Also, the frequencies of these six
modes change differently with increasing torsional strain,
following two different routes, among which the frequencies
of minus �−� branch, i.e., the A1

−, E1
−, and E2

− modes, down-
shift greatly with increasing torsional strain, but those of plus
�+� branch, i.e., the A1

+, E1
+, and E2

+ modes, change slowly,
depending much on the tube’s chirality. For example, the
frequencies of A1

+, E1
+, and E2

+ modes of zigzag �10,0� tube
upshift slightly with increasing torsional strain. But, those of
armchair �5,5� tube are nearly not changed by torsional

strain. The situation becomes different for chiral �8,4� tube,
as shown in Fig. 2�f�, for which there already exist six high-
energy Raman modes at zero torsional strain, and their fre-
quency shifts exhibit a different behavior from those of
achiral �10,0� and �5,5� tubes. Firstly, its G-band frequency
shifts are obviously unsymmetric to the positive and negative
torsional strains, among which particularly obvious are its
plus �+� modes �A1

+, E1
+, and E2

+�. For example, the fre-
quencies of its E1

+ and E2
+ modes are almost not changed by

a negative torsional strain, in contrast to their increase under
a positive one, and its A1

+ mode frequency is decreased by
the negative torsional strain, but increased a little by the
positive one. Secondly, the frequencies of its minus �−�
modes decrease greatly with increasing torsional strain.

The reason behind them can also be found from different
length changes of the three nearest C-C bonds, induced by
torsional strains, which are described in Figs. 1�e� and 1�f�
for �10,0� and �8,4� tubes, respectively. It can be seen from
Fig. 1�e� that the bond 1 is slightly shortened by the smaller
torsional strain �less than about 4°�, which, however, will
become longer with further increasing torsional strain. The
lengths of other two bonds 2 and 3 will be changed oppo-
sitely, among which the length of bond 2 becomes longer
�but that of bond 3 shorter� than the perfect ones under all
the torsional strains. It is known that the atomic vibrations in
the A1

−, E1
−, and E2

− modes are mainly along bonds 1 and 2,
making the G− mode frequency of �10,0� tube to decrease
with increasing torsional strain. On the other hand, the
atomic vibrations in the A1

+, E1
+, and E2

+ modes are mainly
along the bond 3, making so their frequencies to increase
gradually with increasing torsional strain. For �8,4� tube, its
C-C bond changes are unsymmetrical under the positive and
negative torsional strains, as described in Fig. 1�f�, which so
makes its G-band mode frequencies to be changed unsym-
metrically under the positive and negative torsional strains.

On the other hand, as shown in Figs. 2�d�–2�f�, the
low-energy modes are less influenced by torsional strain,
except that some new modes appear around 400 cm−1 for
achiral tubes, which is consistent with the experimental
observation.8 Particularly, the RBM frequency is not changed
either or decreases a little with increasing torsional strain for
armchair �5,5� and chiral �8,4� tubes, contradicting the ex-
perimental results in Ref. 8, which found the RBM frequency
increases a little with increasing torsional strain. This contra-
diction has not been understood, which needs more theoret-
ical and experimental studies.

Our calculated results of the torsional strain effects are
also partially consistent with the experimental observations
in Refs. 8 and 24, e.g., under torsional strain, some G-band
modes �G+ modes� upshift and some �G− modes� downshift,
showing clearly that the torsional strain effect on the G-band
modes indeed depends on the mode symmetries, and also
the frequency downshift is always much larger than the
frequency upshift for all the SWCNTs we have studied.
Comparing with the experimental observations, we have
found also inconsistencies between our calculated results
and the experimental ones. For example, the experiment
found that with increasing torsional strain, there is only one
G-band mode �always the highest frequency one, claimed to
be the E2

+ mode�, downshifting greatly �reaching to about
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90 cm−1�, but all other G-band modes upshift a few cm−1. In
contrast, our calculations found that with increasing torsional
strain, there are always three G− modes, downshifting greatly
�reaching to about 290 cm−1 at a torsional strain of 11° for
the A1

− mode of �8,4� tube�, and other G+ modes upshift a
little �about 90 cm−1 at a torsional strain of 11° for the E2

+

mode of �8,4� tube�. The above inconsistencies, most prob-
ably, come from the complicate conditions in the experiment,
e.g., the varying strain intensity �both the tensile and tor-
sional� along the tubes and substrate effects. So, more ex-
perimental and theoretical investigations are needed to iden-
tify these inconsistencies.

Now, it is very interesting to know what happens when
the SWCNTs suffer simultaneously from both tensile and

torsional strains. The calculated results are shown in Fig. 3.
Let us firstly study the situations of varying tensile strain but
at a fixed torsional one, which are shown in Figs. 3�a�–3�c�,
respectively, for deformed �10,0�, �5,5�, and �8,4� tubes. It is
found from Figs. 3�a� and 3�b� that when a fixed torsional
strain is applied to achiral �10,0� and �5,5� tubes, there ap-
pear six G-band modes �A1

−, A1
+, E1

−, E1
+, E2

−, and E2
+�,

and their frequencies make also a nearly linear decrease with
increasing tensile strain, as like that happened without the
torsional strain, shown in Figs. 2�a� and 2�b�. However, their
variation slopes with increasing tensile strain are different
from those at zero torsional strain. For example, for �10,0�
tube, suffering from pure 5% tensile strain, the frequencies
of its A1g, E1g, and E2g modes downshift by about 205.2,
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FIG. 3. �Color online� Raman-active mode’s frequencies of the deformed �10,0�, �5,5�, and �8,4� SWCNTs vary with tensile strains at a
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108.7, and 224.7 cm−1, respectively, as shown in Fig. 2�a�.
But by adding a torsional strain of 6.6°, its G-band modes
firstly split into two groups: the minus �−� and plus �+�
modes, and then downshift differently. The frequency splits
between these two groups are different for the different
modes, among which the split between the E2

+ and E2
−

modes is the biggest, and that between the A1
+ and A1

−

modes is the smallest, as seen obviously from Fig. 3�a�. The
frequencies of its A1

−, E1
−, and E2

− modes are found to be
downshifted by about 209.3, 224.6, 239.1 cm−1 at the largest
tensile strain of 5%, respectively, in contrast to the down-
shifts of 101.4, 93.1, and 78.2 cm−1, respectively, for its A1

+,
E1

+, and E2
+ modes. So, the frequency downshifts of its A1

+

and E2
+ modes are very different from those of its A1g and

E2g modes at zero torsional strain, and similarly, the fre-
quency downshift of its E1

− mode is very different from that
of its E1g mode at zero torsional strain. Therefore, it can be
concluded that when a varying tensile strain and a fixed tor-
sional one are simultaneously applied on the achiral
SWCNTs, the frequency downshifts of their high-energy
G-band modes depend on the mode’s types �+ or −� and
symmetries �A1, E1, and E2�.

Another more interesting problem is whether or not above
mentioned frequency shifts of the G-band modes, induced by
the varying tensile strain at a fixed torsional one, equal to a
simple summation over those induced by both of the separate
tensile and torsional strains. In order to make it clear, we
have also given the latter in Fig. 3, denoted by light �red
online� dots. By comparing both of them, it is found that: �1�
the differences between the former and the latter increase
with increasing tensile strain. However, for the smaller ten-
sile strains �
2%�, the differences between both of them are
small and could be neglected. �2� At the larger tensile strains
��2%�, both of them are not equal any more. The latter
G-band frequencies are larger or smaller than the formers,
depending on the Raman mode’s symmetry and the tube’s
chirality. For example, for �10,0� tube, its simple summation
of the G− band is larger than the combined result when ten-
sile strain is above 2%; but that for the E1

+ and E2
+ band is

lower than the combined results, which is particularly obvi-
ous for large tensile strain �e.g., larger than 4%�, and for
�5,5� tube, the simple summations for the G+ modes are
larger than the combined results; but that for the G− band are
smaller. For �8,4� tube, the simple summation for its E1

+ and
E2

+ band is smaller than the combined result; but that for its
G− band is only a little bit smaller.

Next, let us discuss the opposite situations, i.e., varying
torsional strain, but at a fixed tensile strain of 4% for �10,0�,
�5,5�, and �8,4� tubes, which are shown in Figs. 3�d�–3�f�,
respectively. It can be seen that the frequency splits between
the G+ and G− modes also become larger with increasing
torsional strain, which is similar to those at zero tensile
strain, i.e., under pure torsional strain, as shown in Figs.
2�d�–2�f�. But they are also different from those under pure
torsional strain because they are now superimposed on the
additional frequency shifts, induced by the fixed tensile
strain. For example, it is seen from Figs. 3�d�–3�f� that al-
though the G+ mode frequencies look to upshift with increas-
ing torsional strain, they, in fact, make an overall downshift,
if compared to their original frequencies �i.e., the values of

perfect tubes� since there is now a coexistence of the tensile
strain of 4%. This result is well consistent with the experi-
mental observations when there exist simultaneously the ten-
sile and torsional strains.8

However, it is noted again that the frequency shifts due to
varying torsional strain at a fixed tensile strain �referred as
the combined results in the following� are not equal either to
the simple summations over those induced by the separate
tensile and torsional strain, as shown in Figs. 3�d�–3�f�. For
example, for �10,0� tube �Fig. 3�d��, the summed frequency
for its G+ band is larger or smaller than the combined one,
depending on the torsional strain. At the smaller torsional
strain �less than about 6.6°� the simple summation is larger
than the combined one, but becomes smaller when torsional
strain is larger than about 6.6°, and the simple summation for
its G− band is only a little bit larger than the combined one
besides its A1

− mode at the smaller torsional angle. But the
situation becomes different for �5,5� tube �Fig. 3�e��, whose
G-band mode is changed greatly by the addition of the fixed
tensile strain, making the summed frequencies for the G+

�G−� modes are obviously larger �smaller� than the corre-
sponding combined ones, especially at torsional strain
smaller �larger� than 8.9°. Finally, for chiral �8,4� tube �Fig.
3�f��, the summed frequencies for all the G-band modes are
smaller than the combined ones, especially at the negative
torsional strains, except its E2

+ and E1
+ modes at the positive

ones, for which the simple summation is equal to the com-
bined result.

Thus, we can say that the frequency shifts of high-energy
Raman modes, induced by both tensile and torsional strains,
cannot be regarded as a simple sum over two separate con-
tributions from only the tensile or torsional strain, which is
particular obvious for the armchair tubes. It means an exis-
tence of an interference �or cooperative� effect between two
different strains �the tensile and torsional ones� on the fre-
quency shifts. On the other hand, however, the simple sum-
mation could be considered to be roughly equal to the com-
bined result for chiral tubes, especially at the positive
torsional strains, which means for chiral tubes, the so-called
interference effect is weak. All these facts are obviously in-
teresting and important, which could be demonstrated by fu-
ture experiments.

We should emphasize that the above interference phenom-
enon between the tensile and torsional strains has already
been partially observed in the experiment of Duan et al.,8

which claimed that their �G1 is always largely downshifted
by torsional strain �the downshift can be as large as
90 cm−1�, demonstrating it is sensitive to torsional strain, but
it is insensitive to uniaxial strain in their region II with a
coexistence of the torsional and tensile strains. Their obser-
vation is in fact caused by the superposed tensile strain,
which could be compared with our calculation results, shown
in Figs. 3�d�–3�f�. We can see from Fig. 3�f� that at a fixed
tensile strain the combined result for the E2

− mode, having a
large downshift with increasing torsional strain, is larger than
the simple summation. The same situation appears for the G−

band of �5,5� tube, as seen from Fig. 3�e�. That means the
E2

− mode of chiral �8,4� tube and the G− band of �5,5� tube
become less sensitive to the tensile strain due to coexistence
of both torsional and tensile strains �i.e., due to the interfer-
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ence effect�. But, as we can see from Fig. 3�d� that the situ-
ation becomes different for the zigzag tubes. Its E2

− mode
becomes more sensitive to the tensile strain due to the inter-
ference effect, because the combined result of its E2

− mode
becomes smaller than the simple summation, which is in
good contrast against the �5,5� and �8,4� tubes. Therefore, the
interference probably depends on the tube’s chirality and
mode symmetry, and especially plays a more important role
in the armchair SWNTs, which also needs further experimen-
tal demonstration in future.

On the other hand, by comparing Fig. 3�f� with Fig. 2�f�
at zero tensile strain, we have found that for the E2

−

mode of �8,4� tube, the superposed tensile strain makes
its frequency-downshift rate with increasing torsional strain
�22.9 cm−1 /deg, i.e., the shift amount/per tortional
degree� to be smaller than that without tensile strain
�25.4 cm−1 /deg�. That means we can also say that the coex-
istence of two strains �or equivalently, the interference effect�
makes the E2

− mode of �8,4� tube to be less sensitive to the
torsional strain. We hope this interesting phenomenon will be
demonstrated in future fine experiments.

B. Changes in the first-order resonant Raman spectroscopy

In general, the resonant Raman intensity is closely related
to the energy bands, electron-phonon interaction, and
electron-photon interaction. Here, we have calculated the
first-order resonant intensity of the Raman-active modes,
taking the light polarization to be parallel to tube axis.

The calculated first-order resonant Raman spectra for
three �10,0�, �5,5�, and �8,4� tubes are given in Fig. 4, in

which tensile strain is fixed at 5%, but torsional strains are
taken to be 6.6°, 6.6°, and −3.0°, respectively, for �10,0�,
�5,5�, and �8,4� tubes, and the resonance energy is taken to be
the higher one of about 3.0 eV. For comparison, the first-
order resonant Raman spectra of the corresponding three per-
fect tubes are also calculated and given in Fig. 4.

Let us firstly discuss zigzag �10,0� tube. It can be seen
clearly from Fig. 4�a� that its Raman-active G-band LO
mode intensity is increased by alone tensile strain by about
60% but decreased by alone torsional strain by about 50%,
and its G-band TO mode intensity is no longer zero due to
torsional strain. At the same time, its RBM mode intensity
almost does not change due to torsional or tensile deforma-
tion. When both tensile and torsional strains are simulta-
neously applied, it is found that its LO mode intensity is
increased by about two times, compared with that under pure
torsional strain but decreased a little bit, compared with that
under pure tensile strain. On the other hand, its TO mode
intensity is nearly not changed, compared with that under
pure torsional strain. So, it seems that the resonant Raman
intensity of �10,0� tube under both tensile and torsional
strains could be roughly considered as the simple summation
over those contributions from the separate tensile and tor-
sional strains.

For armchair �5,5� tube, it can be seen from Fig. 4�b� that
tensile strain has little effect on the Raman intensity of its
both RBM and TO modes, but torsional strain increases the
Raman intensity of its RBM and TO modes by about 50%
and 30%, respectively. However, we should mention that tor-
sional strain makes the armchair �5,5� tube to become a
semiconducting, and at a torsional strain of 6.6°, its resonant
state at about 3.0 eV is also changed from the original E11 to
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FIG. 4. The first-order resonant Raman spectra at the higher excitation energy for different SWCNTs under both tensile and torsional
strains: �a� �10,0�, �b� �5,5�, and �c� �8,4� tubes, where those of the perfect tubes are also included for comparisons. The subfigures from the
bottom to top of each figure denote, respectively, the results of the perfect tubes, the deformed ones under pure tensile strain, pure torsional
strain, and both of them. The electronic transition energies Eii �i=1 or 3� lie at about 3.0 eV. Here, the applied tensile strains are fixed at 5%,
and the torsional ones are taken to be 6.6°, 6.6°, and −3.0°, respectively, for the �10,0�, �5,5�, and �8,4� tubes. In all the figures, the
lower-energy mode is the RBM, and the higher-energy one is the G-band mode.
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present E33, as shown in Fig. 4�b�. In addition, it is worth
noticing that for perfect �5,5� tube and the deformed �5,5�
tube under pure tensile strain, its LO mode is not Raman
active. However, the torsional strain destroys its LO mode
symmetry, making now its LO mode to be Raman-active, but
unfortunately its intensity is very smaller, which is caused by
its very small electron-phonon matrix element M33. While
under both tensile and torsional strains, the Raman intensity
of its LO mode is found to increase, compared with that
under pure torsional strain. That is because the superposed
tensile strain changes the vibration direction of its LO mode,
increasing its electron-phonon matrix element M33. So, it is
obvious that under both tensile and torsional strains, the
resonant Raman spectra of armchair �5,5� tube does not equal
to a simple summation over those induced by the separate
strains, which is different from the situation of zigzag tube.
This fact reflects again the importance of the so-called inter-
ference effect and further shows the dependence of the inter-
ference effect on the tube’s chirality and mode symmetry.
Finally, it is found from Fig. 4�c� that �8,4� tube has the
similar results to those of �10,0� tube, except that tensile
strain decreases a little bit its TO mode intensity.

We have known from Fig. 4 that �1� the G-band LO mode
intensity is increased �decreased� by tensile �torsional� strain.
In contrast, the TO mode intensity is increased by torsional
strain, but almost not influenced by tensile strain. �2� For the
lower-energy RBM mode intensity, tensile strain has little
effect on it, but torsional strain seems to increase it a little bit
for �5,5� and �8,4� tubes.

Now, it is interesting to know if the above results on the
first-order resonant Raman intensity of different deformed
SWCNTs will change when the resonances happen at differ-

ent electronic transition energies. In order to make it clear,
we have calculated them when the resonance takes place at
the lower electronic transition energies, which are given in
Fig. 5 for different semiconducting �8,0� and �8,4� SWCNTs
under both tensile and torsional strains, where the tensile
strain is taken to be 5%, and the torsional angle is 6.6° for
zigzag �8,0� tube and −3.0° for chiral �8,4� tube.

It is found from Fig. 5 that torsional strain own increases
�but decreases� the TO �LO� mode intensity, which is the
same as the situation shown in Fig. 4. Thus, the intensity
changes of both the LO and TO modes, induced by pure
torsional strain, are independent of the electronic transition
energy and the tube’s chirality. However, the tensile strain
plays a different role. For example, for �8,0� tube �Fig. 5�a��,
its LO mode intensity is increased by tensile strain at the
resonance with the E21, which is upshifted by pure tensile
strain relative to its position at zero tensile strain. But for
�8,4� tube �Fig. 5�b��, its LO mode intensity is decreased by
tensile strain at the resonance with the E22, which is down-
shifted by pure tensile strain relative to its position at zero
tensile strain. So, comparing with Fig. 4, we have known that
the LO mode intensity changes, induced by pure tensile
strain, have a close relation with the tube’s chirality and also
the corresponding shift of the electronic transition energy.

Under both tensile and torsional strains, for the upshifted
E21 of �8,0� tube, it is found from Fig. 5�a� that the intensity
changes of the resonant Raman spectra can indeed be con-
sidered as the simple summation of those induced by the
separate tensile and torsional strains. But it is different for
the downshifted E22 of �8,4� tube, as shown in Fig. 5�b�,
from which we can see that the intensity at the E22+ELO of
the �8,4� tube under both tensile and torsional strains is not
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FIG. 5. The first-order resonant Raman spectra at the lower excitation energy for two semiconducting SWCNTs under both tensile and
torsional strains: �a� �8,0� and �b� �8,4� tube. Here, the applied tensile strains are fixed at 5%, and the torsional ones are taken to be 6.6° and
−3.0°, respectively, for the �8,0� and �8,4� tubes.
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decreased, compared with that under pure torsional strain.
Because tensile strain own decreases the intensity at the
E22+ELO, so the intensity changes of the resonant Raman
spectra at the downshifted E22 of �8,4� tube, induced by both
tensile and torsional strains, cannot be seen as the simple
summation of those from the separate tensile and torsional
strains.

In a word, it seems that torsional strain would increase
�decrease� the resonant Raman intensity of the G-band TO
�LO� mode of deformed SWCNTs. In contrast, tensile strain
would have little effect on the resonant Raman intensities of
their TO modes, but increase �decrease� them of their LO
modes at resonance with their upshifted �downshifted� elec-
tronic transition energies. The RBM mode intensity changes
are found to depend on the tube chirality and deformation
types.

When both tensile and torsional strains are applied, the
intensity changes in the resonant Raman spectra at the up-
shifted electronic transition energy due to tensile strain can
be seen as the simple summation of those from the separate
tensile and torsional strains, but it is not for the downshifted
electronic transition energy, indicating also existence of the
interference effects between both tensile and torsional strains
on the intensity changes.

Finally, we would like to mention that our above calcu-
lated results on the intensity changes under combined tensile
and torsional strains are partially supported by the experi-
mental results,8,24 e.g., the resonant Raman intensity varia-
tion depends on the different types of strains, tubes, and
modes. That is probably because all these factors would
induce significantly different responses of the tube’s elec-
tronic structures and electron-phonon coupling matrix to the
strains.

IV. CONCLUSIONS

In summary, using the nonorthogonal TB model, we have
found that the frequency shifts of the Raman-active modes of
deformed SWCNTs due to tensile and torsional strains de-
pend much on the C-C bond length changes in the corre-
sponding tubes. It is found that �1� the frequencies of low-
energy Raman modes nearly do not change by two kinds of
the strains. �2� In contrast, tensile strain downshifts the fre-
quencies of high energy Raman modes. But, the correspond-
ing changes due to torsional strain depend on the tube’s
chirality and the mode symmetry. �3� The resonant Raman
intensity of deformed SWCNTs is found to depend on the
strain type and mode symmetry, e.g., torsional strain in-
creases �decreases� the resonant Raman intensity of the TO
�LO� mode, and tensile strain has little effect on that of the
TO mode, but increases �or decreases� that of the LO mode,
depending on the selected electronic transition energy. �4�
More interestingly, there exists an interference �or coopera-
tive� effects between the tensile and torsional strains on the
strain-induced frequency shifts and intensity changes, de-
pending on the tube’s chirality and mode symmetry, which
need more future experimental and theoretical works for
demonstration.
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